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Abstract

The linear-response Sham-Schliiter equation can be used to calculate an exchange-correlation
potential starting from a given approximation for the self-energy. The asymptotic behaviour of
these potentials is however much debated, a recent work suggesting that they could blow up in
finite systems. Here we investigate the asymptotic behaviour of the linear-response Sham-Schliiter
potentials in the GW and second-order approximations for the self-energy. We show that these
potentials do not diverge, and that the correlation potential itself has a —a/(2r*) tail (under
appropriate conditions), where « depends on the self-energy. We also provide further justification
for the quasiparticle approximation to the linear-response Sham-Schliiter equation, that is much
simpler to solve while being likely of comparable accuracy. Calculations for real molecules or solids

using this approximation should be within the reach of present computers.



I. INTRODUCTION

Density functional theory (DFT) has now become an efficient and widely used tool to
calculate the ground-state properties of atoms, molecules and solids' ™. In the usual Kohn-
Sham? (KS) implementation of DFT, the system of interacting electrons is replaced with a
fictious system of non-interacting particles moving in a local potential v*3(r). Far from a
finite system with spherical symmetry and orbitally non-degenerate N and N — 1 electron
ground-states (such as a He atom), the exchange-correlation part of this potential, v,.(r), is

expected to behave as*® :

1 an_ 1

where ay_1 is the static ground-state polarizability of the N —1 electron system. In the same
way, vy (r) is expected to behave® as —1/(4z) far from a metal surface located at z = 0. The
local density approximation'? (LDA) and the generalized gradient approximations® (GGAs),
that are the simplest approximations for the exchange-correlation energy, do not yield ac-
curate exchange-correlation potentials. Indeed, these potentials vanish exponentially”, at
variance with the expected behaviour. This results in inaccurate empty KS states, which is
an inadequate starting point for Time-Dependent DFT® 1. These shortcomings have thus
stimulated the search for better, fully non-local approximations to the exchange-correlation
energy and/or potential.

Many-Body Perturbation Theory!'? (MBPT) is one way to improve on the LDA and
GGAs. 1In 1985, Sham and Schliiter!® derived an equation that yields the exchange-
correlation potential corresponding to a given approximation for the self-energy. Although
the exact Sham-Schliiter equation is of little practical interest, its simpler, “linear-response”
(LR) form has attracted much attention. It reverts back to the standard x-OEP (Optimized
Effective Potential) equation® 7 for the exact KS exchange potential in the exchange-only
approximation for the self-energy. Beyond the exchange-only treatment, the LR Sham-
Schliiter equation can be used to include correlations in the KS potential, e.g., at the level of
the GW self-energy!'®'. Importantly, expressions similar to the LR Sham-Schliiter equation
also appear in other formalisms for the exchange-correlation potential, such as the Gorling-
Levy perturbation theory?®?! (GLPT), or the Adiabatic-Connection Fluctuation-Dissipation

(ACFD) framework?*?*. There is therefore a clear need for a detailed assessment and a bet-



ter understanding of the properties of this equation, in particular the asymptotic behaviour
of its solutions that has remained controversial.

Indeed, in 1992, Eguiluz et al.'® solved the LR Sham-Schliiter equation for a jellium sur-
face, in the GW approximation for the self-energy?*?>. The calculated exchange-correlation
potential exhibits the expected —1/(42) behaviour, unlike most other potentials so far. How-
ever, Facco Bonnetti et al.?® recently investigated the asymptotic behaviour of the exchange-
correlation potential from the second-order GLPT. In the He-like systems they considered, it
amounts to the LR Sham-Schliiter potential in the second-order [MBPT(2)] approximation
for the self-energy. They claim that this potential blows up exponentially far from a finite
system, which casts serious doubts on the physical relevance of the LR Sham-Schliiter equa-
tion. Their demonstration was mainly based on numerical considerations. In the present
paper, we analytically study the asymptotic behaviour of the LR Sham-Schliiter potential
in the GW and second-order approximations for the self-energy (LRSS-GW and LRSS-
MPBT(2) potentials). We show that these potentials have the expected —1/r behaviour
in finite systems (due to exchange), while the correlation potential itself has a —a/(2r4)
tail (where o depends on the self-energy). By a detailed analysis, we trace this discrepancy
with the work of Facco Bonnetti et al. back to a (numerically) problematic splitting of
the potential into two parts that diverge asymptotically, whereas their sum remains finite.
In addition, we provide further justification for the quasiparticle approximation to the LR
Sham-Schliiter equation?”, that is much easier to solve than the usual LR form, while being
likely of comparable accuracy. Its application to small real molecules should be within the
reach of present computers.

This paper is organized as follows : in section II, we briefly review the derivation of the
LR Sham-Schliiter equation. In section III, we show that the correlation potential has a
—a/(2r?) tail. We focus on the LRSS-GW potential, although the results can easily be
extended to many other approximations, including LRSS-MBPT(2). Then, in section IV,
we discuss the implications of these results and compare with the work of Facco Bonnetti et
al. Last, in section V, we provide further support for the quasiparticle approximation to the
LR Sham-Schliiter equation. For computational purposes, we also recall the simpler KLI
form of this quasiparticle approximation, and discuss the static COHSEX approximation to

the LRSS-GW potential.



II. THE LINEAR-RESPONSE SHAM-SCHLUTER EQUATION

In this section, we briefly review the basics of the linear-response Sham-Schliiter equation
and recall the expression of the associated exchange-correlation functional Ey.[n| (when

available).

A. The Sham-Schliiter equation

The Sham-Schliiter equation'® was derived in the framework of the many-body Green
functions formalism'2. It gives the exchange-correlation potential Uxeo () that corresponds
to a given approximation for the self-energy. It is based on the fact that vy, (r) is the only
local potential that yields the many-body ground-state spin density n,(r). This directly

translates into the following relation between the interacting many-body Green function

Gy(r,r';w) and the Kohn-Sham (KS) Green function GX5(r,1’;w) :
dw dw .
ny(r) = / o G (x, ) = / o G e ), 2)
where the limits 6 — 0%, r’ — r are implied, and3! :
* /
GKS /. — 90n0<r)<10na(r ) ' 3
>, rw) —w—smiin (3)
7 is a positive infinitesimal and the sign — (resp. +) holds for occupied (resp. empty) KS

states, whose orbitals ¢, (r) and energies ¢,, satisfy the set of KS equations? :

_%VQQDHU (r) + U}r{s(r)@na (I‘) = 5n0907w<r)’ (4)

where v55(1) = Vet () + vn(T) + vyeo (1) is the KS potential, vey(r) is the external (ionic)
potential, and vy(r) is the Hartree potential. Moreover, G, and GX5 are related by the

Dyson equation (written in matrix form for compactness) :
Colw) = GI() + G () Drer [C ) = 10 [ Gow), )

where Yy, [G](r,r’;w) is the exchange-correlation self-energy. It must conserve the number
of particles for Eq. (2) to be meaningful. One possible (though not the only) way to build
particle-number conserving approximations for the self-energy is to sum3? selected “skeleton

diagrams” (see paragraph IIB). In that case, ¥y, |G](r,r’;w) is an explicit functional of the
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interacting Green function GG, which is emphasized in the notation. The self-consistent GW

24,25

self-energy is one well-known approximation of this kind. Insertion of Eq. (5) into Eq.

(2) yields the Sham-Schliiter equation for vy, (r) :

/ /d3r1/d3r2G r,r;w ){ xeo |Gl (r1, To; W) — Uxeo (r1)0 (11 —rQ)}GU(rQ,r;w).

(6)

The Sham-Schliiter equation thus appears as a complex non-linear integral equation.
Although it can be used to discuss general properties of the exchange-correlation potential,
it is of little practical interest. Indeed, the calculation of the self-consistent interacting
Green function G, is in general far beyond present computational capabilities. Anyway,
G, if known, already gives access to most single-particle ground-state properties'?, which
makes DFT useless. The Sham-Schliiter equation is therefore usually solved in the linear
response (LR) approximation®. Treating M Xyco[G] — vxeo} as a perturbation in Eq. (5),

where A — 1 is a coupling constant, yields to first-order :

0= / 50 /d3r1 /d3 2G5 (e 1w ){ o [G¥9) (11, r2;w)—vxw(rl)é(rl—rg)}G?S(rz, r;w).

(7)
The LR Sham-Schliiter equation is thought to be a very good approximation to the exact
Sham-Schliiter equation, although there has been little work to assess its accuracy. To en-
lighten the physics behind this equation, we introduce the static KS density-density response
function YX5(r,1’) :

() = /dw GE5(r, v GBS (v 1) (8a)

20T

_ Z Z Spna Spma )Spma( )Spna( )+ . <8b>

— £
n=1m>N, no ma

N, is the total number of electrons with spin o. Eq. (7) can thus be cast in the following

form, characteristic of all OEP formalisms!'®17:20:21:23

/ NS (0,1 Yo (1) = (1), (9)

where :

Pxco (T /2@71/d3r1/d3r2G r,ri;w)y XCU[GKS](rl,rg;w)foS(rg,r;w). (10)



The properties of the kernel yX5(r, 1) have been thoroughly discussed in the literature!72!.

It is singular since the response of the density to a uniform potential is zero and :

/d3 /d3r’X§S r)o(r') =0 (11)

whatever v(r’). Therefore, i) Eq. (9) has solutions only if py.,(r) has vanishing integral
(this is the counterpart of the particle number conservation requirement for the exact Sham-
Schliiter equation), and ) vy, (r) is defined by Eq. (9) only up to an arbitrary constant.
In principle, Eq. (9) must be solved together with Eq. (4) until self-consistency is achieved.

The LR Sham-Schliiter equation has been solved in the GW approximation®*?® by Eguiluz
et al.*® for a jellium surface, and by Godby et al.'® in bulk silicon (albeit not up to full self-
consistency). Godby et al. showed that the LDA and LRSS-GW potentials in silicon are
very close, which may explain the success of the LDA for the calculation of the ground-
state properties of solids. They also showed that the bandgap energy is not improved by
the LRSS-GW potential, which suggests that the discontinuity in the (exact) exchange-

correlation potential upon addition or removal of an electron in bulk silicon is large!33* (

see
however Ref. 33). The LR Sham-Schliiter equation (as derived above) is a “direct” approach
to the exchange-correlation potential that does not proceed by functional differentiation of an
approximate exchange-correlation energy. This means, however, that the functional Ey.[n]
that corresponds to the calculated vy, (r) is a priori unknown. Nonetheless, particle-number
conserving approximations for the self-energy are usually obtained from truncated series of

skeleton diagrams, in which case the exchange-correlation energy FE..[n] whose potential is

given by Eq. (9) is known?. This will be the subject of the next paragraph.

B. The Noziéres energy functional

In principle, the self-energy ¥,.,[G] can be expanded as a sum of “skeleton” diagrams
involving the bare Coulomb interaction v(r,r’) = 1/|r—r’| and the interacting Green function
G. The rules for drawing and evaluating these diagrams can be found in standard textbooks
dealing with many-body perturbation theory!?. Approximate self-energies can be obtained
by summing only a subset of these diagrams. Casida has shown that the LR Sham-Schliiter
equation then yields the potential vy, (r) = d Ey.[n]/dn,(r) that corresponds to the following



exchange-correlation energy?

Befn] = $[G*5] = 222n [ seen{snieess) (12)

o n=1

s [GKS] is the (truncated) sum of all skeleton diagrams of order n (i.e., that involve n
explicit electron-electron interactions), where the interacting Green function G has been

replaced with the KS Green function GXS. The symbol Tr stands for :
Tr{AB} = /d3rd3r’A(r,r’;w)B(r’,r;w). (13)

Eq. (12) is just Nozieres’ energy functional® evaluated at the KS Green function (Note that
Nozieres’ energy functional differs from the original Luttinger-Ward3® energy functional :
although both are equal when evaluated at the self-consistent, interacting Green function
G,, they differ away from self-consistency. Compare for example Ref. 29, which actually
uses Nozieres’ functional, and Ref. 37).

In the exchange-only approximation :

No

GO, r) = = 3 (e, 1), (1)), (1), (14)

n=1
Eq. (12) is the usual Fock energy and the LR Sham-Schliiter equation amounts to the stan-
dard x-OEP equation, as derived (from other starting points) in Refs. 15 or 16. In this
paper, we focus on the second-order [MBPT(2)] and GW self-energies, that both include
correlations. The second-order Y., [GKS] is the sum of the first-order exchange diagram and
of the two second-order diagrams represented in Fig. 1. The expression of the associated
correlation energy, obtained from Eq. (12), can be found in Ref. 26. It has the same func-
tional form as the second-order Mgller-Plesset (MP2) correction?”. The GW self-energy?*2°
reads :

Yoo [GFO)(r, T 0) = Z/ C;C; “"l‘;GKS(r,r’;w+w’)W(r,r’;w’), (15)

where W(w) = [1 —vP¥3(w)] 71w is the time-ordered RPA screened Coulomb interaction and
PES(w) =3 PX5(w) is the time-ordered KS density-density response function®® [PXS(w) is
given by Eq. (8a) where one of the two GX5(w’) has been replaced with a GX5(w + w')]. We
stress that Eq. (12) in the GW approximation is strictly equivalent to the well-known RPA
expression for the exchange-correlation energy. It has been used early to discuss the total

39,40

energy of the homogeneous electron gas”*", and, more recently, in calculations of the van
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(b)

FIG. 1: (a) The first-order exchange diagram. (b) The two second-order diagrams. The solid line

is the (KS) Green function, and the dotted line the bare Coulomb interaction.

der Waals interaction between jellium slabs*!, as well as in calculation on real molecules*? 4>

(although not self-consistently, i.e., with LDA orbitals and energies as input).

To conclude this paragraph, we note that Ex.[n] = Ex.[{¢no, €no }] may also be considered
as an explicit functional of the KS orbitals ¢,,, and KS energies ¢,,. This allows to establish
useful links between the LR Sham-Schliiter equation and the xc-OEP formalism of Engel et
al.®®, and to compare our work with the one of Ref. 26. Details can be found in Appendix A.
In the next section, we discuss the asymptotic behaviour of the LR Sham-Schliiter potential
taking the GW approximation as an example, though the results can be extended to many

other approximations, including LRSS-MBPT(2).

III. ASYMPTOTIC BEHAVIOUR OF THE LRSS-GW POTENTIAL

We now analyze the asymptotic behaviour of the LRSS-GW potential in finite systems.
We first show that the LR Sham-Schliiter potential can be split into a “quasiparticle” term,
that comes from the simple poles of the Green functions, and a dynamical correction, that
comes from the other poles. We then briefly review the basics of the GW approximation (for
notational purposes) in paragraph IIIB. We further investigate the long-range behaviour
of the quasiparticle term and of the dynamical correction in paragraphs IIIC and IIID.
We show that the dynamical correction is asymptotically negligible with respect to the

quasiparticle term, and that the latter has a finite limit when r — oo.



A. Decomposition of the LR Sham-Schliiter potential

For the sake of simplicity, we now assume that the KS states are non degenerate (except
possibly for spin). The extension to the degenerate case is straightforward, but involves
notational complications. In systems with spherical symmetry, the asymptotic behaviour of
the potential can be discussed from the equations below provided the Kohn-Sham HOMO
(Highest Occupied Molecular Orbital) is s-like.

To begin with, we rewrite Eq. (10) so as to make explicit the contributions from the
poles of the KS Green functions and self-energy. Following Ref. 29, we split ¥, (r, r';w)
into a “hole” and a “particle” part. The hole part :

Ryo(r, 1)
Sho(r,130) = > e 1
ho (T, T3 W) S s (16)

is the contribution from all poles Q, [with residues Ry, (r,r’)] that lie above the real axis®S.

The particle part X, (r, r';w) = X (r, 1'; w) — Xp, (r, r';w) is the remainder. The expressions
for Q, and Ry, (r,r’) in the GW approximation will be given in paragraph IIIB. We then
calculate py.,(r) closing the contour of integration in the upper part of the complex plane.
This contour thus encloses all poles of Yy, and all poles of GX® related to the occupied KS

states. Accordingly, we make the following decomposition of pyeq(r) :

Preo () = Pl (r) + p{2(r) and p2) (r) = pZV(r) + p22(x), (17)

where p@,(r) is the contribution of all simple poles coming from the GX5’s p((;il)(r) is the

contribution of all double poles coming from the GX%’s, and pgf) (r) is the contribution of
the poles of ¥y, (since pﬁo) (r) is zero in the x-only approximation, it only contributes to the

correlation potential). A straightforward calculation yields®

ynm Eno
A0 = 355 it ) ) (182)

n=1 m#n e Emo

823’:
pGCD(x Z Pno (D)1 (1) 5 (18b)
1
(22 nm

pca Z Z Sono Soma Z Qko- — Eno ko Qka . 5mo" (18C>

where we have defined for a generic kernel A, (r,r’) :
Ay = [ r [ e, (60 An(er 120, r3) (19)
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Further manipulation of these equations leads back to the xc-OEP formalism of Engel et al.28,
as shown in Appendix A (for the class of functionals defined in paragraph I1B). p)((cg( ) has
vanishing integral (since the KS orbitals are orthogonal), so that pg,) (r) also has vanishing
integral (because py,(r) has). Therefore, we can split vy, (r) = vier(r) + v (r), where
vieh(r) and v'2(r) are solutions of Eq. (9) with piey(r) and p&(r) as the right-hand side
respectively. Trying to associate a physical meaning with this decomposition, we note that

pg,)(r) and v((;g)(r) are zero if the self-energy is frequency-independent. We will therefore

refer to v((;g)(r) as a “dynamical correction” to the potential. Its long-range behaviour will
be discussed in paragraph IIID. Moreover, the equation satisfied by v,(iz,(r) can be cast in

a more familiar form using the following expression for Y%5(r, ') :

Z% G (,1)0,,, (1) + c.c., (20)

where the Green function G, (r,r’) is defined by :

Z mea (tpma ) ] (21)

m#n

Eq. (9) for v (r) can indeed be written!?

Z [ 00 ) ~ )] G 1) ) + e =0 (22)

where Uyen, (r) is the orbital-dependent potential :

1
O (1)

Uxeno (I‘) =

/d3r’§]xw(r’, T Eno ), (). (23)

Eq. (22) is a generalization of the x-OEP equation to the correlated case (it yields the exact
Vo () in the x-only approximation'®). As shown by Casida?® (and discussed in paragraph
VA), vxw( ) can be obtained from a quasiparticle approximation to the linear-response
Sham-Schliiter equation. We will thus refer to v)(izr(r) as the “quasiparticle” term. Before

discussing its asymptotic behaviour, we specify €, and Ry, (r,r’) in the GIW approximation.

B. The GW approximation

In this paragraph, we provide explicit expressions for the hole and particle parts of the

GW self-energy (needed to calculate p((f,) (r)). We also introduce the physically meaningful

10



decomposition of the GW self-energy into a screened exchange plus a Coulomb hole term?425.

This decomposition will be used later to analyze the long-range behaviour of vfé?,(r)
We start from the spectral representation of the RPA screened Coulomb interaction
W(w) = [1 — vPES5(w)]"tv. The latter can be written as the sum of the bare Coulomb

interaction v(r,r’) and a response part :
W(r,r';w) = [P (w)o] (r, 1), (24)

where PRPA(w) = [1 — P¥5(w)v] "1 PXS(w) is the time-ordered RPA density-density response

function®, whose spectral representation reads® :

1 1

PRPA( — . 25
(r,xw) Zps r)p(r [w—ws—i-in W+ ws —in (25)

The w,’s are the poles of PRPA(w) ; the ps(r)’s have vanishing integral and decay expo-
nentially in the vacuum (with a typical oc e™V=2" tail, where I is the ionization energy).
The spectral representation of Wy (w) is therefore the same as that of PRPA(w), with p,(r)

replaced by :
0le) = [ Er'otr)o. o) (26)

Performing the frequency integration in Eq. (15) thus yields :
EXCO' (I’, I‘,; CU) = Zxa(r7 I‘/) + Eha(ra I‘/; w) + Epo‘(r7 I‘/; CU), (27)

where ¥y, (r,r’) is the bare exchange contribution to the self-energy [Eq. (14)] and :

W — Eme + Ws — 1N

S 1w) = 3 oo (D) () 3 — L) (282)

*

ST 0) = 3 (D)) 3 —DEE) (28h)

W—Eme — Ws +1
m>Ng mo S+T]

Eqs. (28a) and (16) readily allow to identify Qx, = ene — ws, Rio(r,r') =
0, ()02 ()5 (1) and 3, = 107, 30, 2 (x) thus veads™

2

o2 (x ZZ > IR (29)

€ne — €mo

with v defined by Eq. (19).
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Moreover, a straightforward manipulation of Eqs. (28) leads back to the usual decompo-
sition of the GW self-energy into a screened exchange term Y., (r,r’;w) plus a Coulomb

hole term Yo, (r,r’;w) :

No
Seexo (1, 750) = = 00 (1)@, (F)W (1,750 = £ (30)
m=1

W— Eme — Ws + 17

B (0 30) = 3 o (D)t (1) 3 — 2% ) (31)

The interpretation of Y., (r, r’;w) as a Coulomb hole term is made obvious in the simpler
static COHSEX approximation®?®. This approximation, which neglects dynamical corre-
lations, is at best valid around the chemical potential. It relies on the fact that the most
important contributions to Y.on, and Y., usually come from single particle states m with
energies |w — &,,,| much lower than those of the plasmon poles of W. Discarding w — €,,,, in

Egs. (30) and (31) and using the closure relation then yields :

Ny
Zsexo’(ra I‘/; (.U) = — Z @ma(r)@%g(r/)W(I‘, I‘/; W = O) (32>
m=1
2
Yeoho (1, 75 w) = —6(r — 1) Z |Usc(ur)|
1
= 56(1“ — 1) W,(r,r;w =0). (33)

In the static COHSEX approximation, Y., is thus half the classical image potential felt
by a test charge at r (and due to the Coulomb hole that forms around it). The factor 1/2

comes from the adiabatic building of the screening charge.

C. Asymptotic behaviour of the quasiparticle term

In this paragraph, we discuss the asymptotic behaviour of the quasiparticle term 'U)((iz,(r)
We first recall some general results about the long-range behaviour of the solutions of Eq.

(22) before focusing on the GW approximation.

1. Generalities about the long-range behaviour of the solutions of the x-OFEP like equation

The long-range behaviour of vy, (r) and v((;},)(r) in finite systems has been discussed by

T. Grabo et al.'”. We only consider here the case of a non-degenerate HOMO that has

12



no nodal planes or lines extending up to infinity*®. We first assume that v%5(r) has the
expected —1/r tail (which must be checked a posteriori). The bound KS orbitals thus

behave asymptotically as :

Ana — B A o
Po(T) ~ 77“1/ Pne =t 50 (B), (34)

N

where (,, = /—2¢,, and T = r/r [in the following, f(r) will always refer to the asymptotic
angular part of a function f(r)]. We also assume (in order to fix the undetermined constant
in the potential) that vy, (r) and &) (r) both tend to zero when r — oco. We define the

average potentials :
s = [ @tlan (1)) (3)
and :

o, = / 0Pt o () Poll) (r). (36)

Under these assumptions, T. Grabo et al.!” proved the following theorems for v,,(r) and
e (r) respectively :

(7)) VxN,o = UxN,o, aNd |y, (r) — Uxn,o(r)| vanishes asymptotically as least as fast as :

1 1
T(B(Na-—l)aiﬁNUU 72) e~ BNo—1)0 =BNgo)T (37)

(i) If Ueno (r) has a finite limit when r — oo, then @S\LU = Ucn, 0, and |v£¢17)(r) — Uen, o (T)]

vanishes asymptotically as least as fast as :
r (B(fol)g B 61\]2(70‘ +1) e 2(BNo—1)0=BNgo)T (38)

In the x-only approximation!”, we finally get vy, (r) ~ —1/r and v¥5(r) ~ —1/r (as initially
assumed), since uxn,,(r) ~ —1/r [Eq. (23) with (14)] and vey(r) + vn(r) vanishes as least

as fast as 1/r? in neutral systems.

2. Application to the GW approzimation

We now use these two theorems to discuss the asymptotic behaviour of the LRSS-GW
potential. Following Eqs. (30) and (31), we split (with obvious definitions) txeno(r) =

Usexno (') +Uconno (r) and vk (r) = vs%)w(r) —1—218)%10(1") into a screened exchange and a Coulomb

13



hole part. We first focus on the screened exchange potential vs(gw(r). Using Eqs. (23) and

(30), Usexno (r) can be written :

No *
mo I'
usexncr Z * r nma(r) (39)
where :
W (1) = / Bt (VW (.15 20 — Emo ) (1) (40)

is the screened Coulomb potential due to the charge distribution ppme(r) = ¢, (r)@,,, ()
oscillating with frequency &,, — €55 If m # n, this charge distribution has zero sum (since
the KS orbitals are orthogonal), so that W, (r) vanishes as 1/r? (¢ > 2 is an integer
that depends on n and m). If m = n, this charge distribution sums up to 1, so that

Wime (r) ~ 1/r. Since ¢, ,(r) has the slowest decay, we finally get :

PN, o(T)
Usexno\L') ~ — - WnNga r). 41
(1)~ = P W) (1)
Hence,

()

Ugexno (T) ~ —1 \Noo Fne e(B"U_ﬁNU“)Tﬁsexna(f) if n < N, (42a)
1

UsexNga(r> ~ _;' (42b)

The same asymptotic behaviour as in the x-only approximation is found!” [i.e. with
W (r,r’;w) replaced by v(r,r’)] : while Ugexn,o(r) — 0 when 7 — 00, Usexno(r) (0 < Nj)
diverges exponentially. Therefore, the theorem (i) above is applicable : USQ«,( ) satisfies the

geliNaU = UgexN,o and véé))m(r) ~ UgexN,o(r) ~ —1/r. The latter behaviour is of

relation v
course due to the bare exchange contribution to Yg.,. Moreover, in a system with spherical
symmetry and a doubly occupied s-like HOMO, the corrections to the leading —1/r term
are exponentially vanishing. Indeed, py,n,o(r) and the induced screening charge density
both have spherical symmetry, and thus no multipole moments.

We now turn to the potential vcoha( r). We start with the following expression for tconno (T)

[see Egs. (23) and (31)] :

ucohncr U wsno (43)
- o
where :
vnm N
sno () = 59 r), 44
tinal) = 3 i) (4)



and v7" is defined by :
0 = [ et ()00 o) (45)
We first analyze the asymptotic behaviour of the wg,,(r)’s. Owing to the closure relation,

each W, (r) satisfies a dynamic Sternheimer-like?® equation :
1
{gna — Ws + §v2 - U}f(s(r>}wsna(r) = Us(r)(p:w(r)‘ (46>

The associated homogeneous equation has no normalizable solutions (otherwise £,, — w;
would be a KS energy?%), so that w,,,(r) is the only solution of Eq. (46) whose squared

modulus is integrable. We insert the following ansatz into Eq. (46) :

Wino (T) = Prg (T)Psno (1). (47)

Since @, (r) satisfies the KS equation [Eq. (4)], we are left with :

— W5y (T)Pano (r) + %@Zg(r)Vstm(r) + V@0 (1) VDang (r) = vs(r) @), (r).  (48)

vs(r) is the potential created by a charge distribution with zero sum [see Eq. (26)], and thus
decays like 1/r7, where ¢ > 2 is an integer. Therefore, the long-range behaviour of pg,,(r)

is easily shown to be :

v,(T)
Psno(T) ~ — o (49)
Eq. (34) indeed yields :
* * a
V(pno(r)Vpsm(r) ~ _ﬁna(pna(r)gpsna(r)v (50)

so that the second and third term on the left hand side of Eq. (48) are asymptotically
negligible with respect to the first one. Hence, we finally get from Eqgs. (47) and (49) :

Wano (1) ~ — (1) g7 (1), (51)

and from Eqs. (24)-(26) and (43) :
() ~ 3 10 (52

S
S

1
~ §Ws(r, r;w=0). (53)

In principle, the mathematical validity of Eq. (52) is subject to the nature of the convergence

of the series in Eq. (43) (e.g. uniform convergence, ...). This issue however appears very
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difficult to address in the general case. Nonetheless, we emphasize that Eq. (52) is also

supported by the static COHSEX approximation, which is expected to be exact in the

50

asymptotic regime™. Indeed, since Y., is local in this approximation [Eq. (33)], we

directly get :

1
ucohna(r) = §Ws<r> rw= 0)7 (54)

independently of the KS orbital ¢,,(r). We shall say more about the static COHSEX

approximation in paragraph V B.

Since Ueonno (r) — 0 when r — oo, the theorem (77) is applicable. Therefore, 17((:(1)%1 Noow =

1)

voho () ~ UconN, o (T). We can further expand the Coulomb interaction in powers

UcohN, o and v
of 1/r in Eq. (24) to show that in a system with spherical symmetry and a doubly occupied

s-like HOMO :

0 QRPA
Ucoha<r) ~ = opd (55)
where o} is the static polarizability of the N electron system (in the RPA) :
Oé%PA = —/d3r1 /d3r2z122PRPA(r1, oW = 0) (56)

Before discussing the physics behind this result, we analyze the asymptotic behaviour of

o2 (r) in the following paragraph.

D. Asymptotic behaviour of the dynamical correction to the potential

The asymptotic behaviours of vg)(r) and pi (r) are related through Eq. (9). We first

rewrite this equation in a way better suited to the discussion of the long-range behaviour of

o2 (r) before focusing on the GW approximation.

1. General considerations

In this paragraph, we derive the basic equations needed to determine the asymptotic

behaviour of vé?(r). The latter satisfies the equation :

/ XS (e, @ () = p2(r), (57)
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where pl )(r) is defined by Eqs. (18b) and (18¢). Using Eq. (20) for X5, this can be

written!”
Zsom (£)00,,(r) + c.c. = p2(r), (58)

where :

5o (r) = / B G (1,7 0@ (1) (1) (59)

is the first-order change of the KS orbital ¢,,(r) in response to the perturbation vé?(r).
8pno(r) is orthogonal to ¥, (r) ({©ne|dpns) = 0) and satisfies the Sternheimer?® equation :

{e0+ 372 = 0850 }0ono 1) = s () {12 ) — 22, }, (60)

with %2, defined by Eq. (36). dpne(r) is uniquely determined!” by the orthogonality
constraint and the physical boundary condition d¢,,(r) — 0 when r — oc.

We now analyze the asymptotic behaviour of dp,,(r) and pg,)(r) as a function of vg?,)(r).
This will later be inverted to get the asymptotic behaviour of vg?(r) as a function of pg?(r).
We assume here that vé?,)(r) — 0 when r — oo, which will be checked a posteriori. As in

paragraph III C, we make the ansatz :

0Pno () = Pno(T)ne(T), (61)

which leaves the following equation for ¢,,(r) :

1

5910 (1) V2 (1) + Vg (1) Vo () = 0o (1) {0 (r) — 053} (62)

We must distinguish between two cases. First, if T)éi)g # 0, ¢no(r) can be shown to satisfy

the asymptotic equation'” [use Eq. (50)] :
—Bno 5 qm( ) =—v0). (63)

We therefore readily get :
~(2)

Gno (I‘) ~ zg:: . (64)

Second, if 944y = 0 and vg)(r) decays faster than 1/r, it is straightforward to show tha

t17

o (T) = @y (r) + Crg, (65)
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where ¢/, (r) — 0 when r — oo and C,, is a constant. Eqs. (62), (63) and (64) will prove
sufficient to determine the asymptotic behaviour of vé? (r) in the GW approximation. As a

corollary of these equations, we already note (assuming vé?(r) — 0 when r — o0) that :

~(2)
—=2%r|pN,q(r)]* (66)
6Nga

if U((j\; » 7 0, and that P ( ) decays faster than Eq. (66) if @éi}w = 0. Conversely, pg,)(r)

Pl (r) ~

must decrease as least as fast as 7|pn,(r)]? for v (r) to have a finite limit when r — oo.

2. Application to the GW approzimation

We now apply the results of the former paragraph to the LRSS-GW dynamical correction
'Ug,)(r). pg)(r) is the sum of two terms [Eqgs. (18b) and (18c)]. The first one, p((f,l)(r)7 is
the contribution of all double poles coming from the KS Green functions in Eq. (10).
Its behaviour is obvious. We thus now focus on the second term, p& (r), which is the
contribution of the poles of ¥y, [Eq. (29)] :

el ZZE TP ()

€no — Emo —

=i2mw& (67)

with wg,, (r) given by Eq. (44). The asymptotic behaviour of pg?)(r) is easily obtained from
Eq. (51):

2

Pg? ZZ’ nU |2|Us )|
~ |90N(,a( )[Pu(r), (68)

where :

-y ’“SS;)‘ . (69)

We can further majorate u(r) as follows :

ve(1)|? 1 V(T
Z%JS;Z%”
< Q—WIW s(r, ;0 =0), (70)
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where w; is the lowest w,. Therefore, u(r) decreases as least as fast as 1/r?.

We finally get with the help of Eqgs. (18b) and (68) :
} : (71)
ENgo

Since pg,) (r) decays faster than Eq. (66), we must necessarily have 173\;00 = 0, which means

NoNoy
0%

P@@%VWMJﬂP{M”* o

that v? (r) has no influence on the energy of the HOMO. Identification with Eqgs. (58) and
(65) further yields :

1
o (1) ~ Su(r) (72a)
1 gxNeAe
Onyy = = —% (72b)
2 Ow oo

Insertion of the ansatz (65) with (72a) into Eq. (62) then readily allows to show that vé?(r)

decreases one power of 1/r faster than u(r), that is as least as fast as 1/r°. v (r) is thus

found asymptotically negligible with respect to v)((gf(r) We discuss other implications of

these results in the next paragraph.

IV. DISCUSSION

Gathering the results of paragraphs III C and III D, we finally get, in the GW approxi-

mation for the self-energy :

Ugo(T) = — +exp. decreasing terms (73)
oRPA
Ve (L) ~ _2L7~4’ (74)

for a system with spherical symmetry and a doubly occupied s-like HOMO. The LRSS-GW
potential thus has the expected —1/r behaviour (consistent with the hypothesis of paragraph
IITC). We stress that the same conclusion can be drawn in the second-order approximation
for the self-energy, following the lines of paragraphs III C and III D. This is in contrast with
Ref. 26. We first examine possible reasons for the apparent divergent behaviour found in

that work, before further discussing the asymptotic behaviour of the correlation potential.
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A. Comparison with the usual OEP formalism

Facco Bonnetti et al. calculated the LRSS-MBPT(2) potential in a xc-OEP formalism?®
where the exchange-correlation energy Ey.[n] = Fy.[{¢ko, ko }| i considered as a functional
of the KS orbitals ¢, and KS energies €;,. In a system with a discrete spectrum®, the

equation for the potential can be written :
/ &' xS (1,1 Yuseo (1) = QS (r) + QR (r), (75)

where Q&ZL(r) involves the functional derivatives § Fy./d@,,(T) :

. SE
Q;&Cé?, r) = Ono (T /d3r’GnU r.r —XC, +c.c., 76a
)= el W (76a)
and Qg;)(r) involves the functional derivatives 0F./0¢,, :
= .\ OE,
Q) =3 0 (D)t ) (76h)
n=1 no

In Appendix A, we give the explicit expressions of § Fy./d¢,,(r) and OE./Je,, as a function
of the self-energy, for the class of functionals defined in paragraph IIB (to which LRSS-
MBPT(2) belongs). We further show that Eqs. (76a)-(76b) and Eqgs. (18a)-(18c) are
equivalent for this class of functionals and can be obtained one from each other by a simple
rearrangement of the terms. We can define the potentials v{%(r) and v (r) solutions of
Eq. (75) with either Q,(fg,(r) or Qg;)(r) as the right hand side, since both have vanishing
integral. We show in Appendix B that v (r) and v((;g)(r) both diverge far from a finite
system®?, although their sum is finite. The fact that vgg)(r) is divergent has long been
anticipated®®, being understood that the squared empty KS orbitals in Eq. (76b) make
Q((;l;)(r) decay too slowly. It has even sometimes been suggested®® to simply discard Qg;)(r)
in Eq. (75). However, the divergence of 'U((:Z)(r) compensates for an equivalent one in 'U)(fézf(r),
so that this procedure is doomed to fail. This compensation does not arise, unfortunately,
from a simple “term by term” cancellation between Q}(féz,(r) and QY (r), but slowly builds
up over the whole range of the KS spectrum (thanks to the closure relation). We believe
that these subtle cancellations have been missed in Ref. 26, thereby leading to the wrong

conclusion that vy, (r) blows up. Indeed, we point out that Q. (r) = ngf)(r) + Q((f,—)(r) has

vanishing integral and thus must tend to zero when r — oo, which is not the case on Fig.
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1 of that reference. Facco Bonnetti et al. also gave another hint for the divergence of the
LRSS-MBPT(2) potential, based on a KLI-like approximation neglecting Qg?(r) We agree
that this KLI-like approximation does diverge, as also diverges the exact solution of Eq.
(75) if we neglect Qt(f,)(r) A proper KLI-like approximation to the xc-OEP equation will be
given in section V B.

We now discuss the implications of these results for practical calculations of the LR
Sham-Schliiter (or GLPT) potentials. Obviously vy, (r) can not diverge in any finite basis
set implementation®' of Egs. (9) or (75). It can however show unphysical bumps (that can
be viewed as the “projection” of a divergence). To avoid such instabilities, the same number
of KS states must be included in the calculation of both the left and right-hand sides of Egs.
(9) or (75). In these conditions, the potential should behave smoothly with increasing the

basis size.

B. Asymptotic behaviour of v.,(r)

The correlation potential ve,(r) has the expected —a/(2r?) behaviour. Obviously, the
coefficient a will depend on the approximation chosen for the self-energy. In the GW

approximation, o = OZ%PA

is clearly consistent with the underlying physics, the N electron
RPA polarisability being contained in the screened Coulomb interaction W. The fact that ay
appears instead of ay_1 can be traced back to the neglect of vertex corrections. This is quite
well illustrated by the comparison between MBPT(2) and a second-order approximation for
the GW self-energy. Indeed, the exchange diagram of Fig. 1la and the first correlation
(bubble) diagram of Fig. 1b both belong to the expansion of the GIW self-energy. If we only

keep these two diagrams, we get :

dw' .
Yo (1,75 0) = i/Qie“” 0GES (e, rsw + YW (r 1), (77)
T
where WES(w) = v + vPX¥S(w)v is the screened Coulomb interaction obtained from the

non-interacting KS density-density response function. Eq. (77) has the same functional
form as the GW self-energy [Eq. (15)], with W replaced by WS, The corresponding LR
Sham-Schliiter potential thus behaves asymptotically as :

Lo ks o O‘%S
UCU(I‘) ~ §Ws (r,r,w = O) ~ _W’ (78)
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where WES(w) = vP¥5(w)v and ok is the static non-interacting KS polarizability of the
N-electron system. It is given by Eq. (56) using P¥5(0) instead of the RPA PRFA(0) [see®
Eq. (8a)]. Next, the second-order exchange diagram of Fig. 1b belongs to the expansion
of the vertex. Inclusion of this diagram into the self-energy now yields the LRSS-MBPT(2)
potential. Following the lines of paragraphs IIIC and IIID (see details in appendix C), we
get :

&KS

~ T (79)

MBPT(2) ()
VUeo ( ) opd "
where in a spin-compensated system, &% is given by Eq. (56) using PXS(r,r’;w = 0) defined
by :

N2 *(r r)or(r) . (r
pKS(rjr/;w —0) =2 Z Z ‘P]( )S%i )Spk;( )90]( )

—€
=1  k>N/2 i ck

S w?m(r)wk(r)wz(r’)%m(r’)+C‘C‘ (80)

ENJ2 — €
k>N/2 N/2 ™ Sk

We have dropped the spin index since the KS orbitals and energies are the same for both
spins. Compared to PXS, the strength of the transitions from the HOMO to the empty
KS orbitals is divided by 2, i.e. these transitions are suppressed in one spin channel. This
clearly marks a shift towards a N — 1 electron-like polarizability.

The dynamical correction ’Ué?(r) decays faster than o'y (r) and has no influence on the

energy of the HOMO. This suggests to neglect o2 (r) in actual calculations of the correlation
potential. This is strongly supported by the simple and appealing interpretation of vg,)(r),

that we recall in the next subsection.

V. THE QUASIPARTICLE APPROXIMATION TO THE LINEAR-RESPONSE
SHAM-SCHLUTER EQUATION

In this section, we further discuss the physical interpretation of the quasiparticle term
v)((g,(r) For computational purposes, we also recall the related KLI approximation'®, and

introduce the static COHSEX approximation to the LRSS-GW potential.
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A. Interpretation of the potential v}(é)g(r)

The potential vgl(r) results from a quasiparticle approximation to the LR Sham-Schliiter

equation, as stated in paragraph III A and first pointed out by Casida?” in 1995. Indeed, the
many-body ground-state spin density n,(r) can be calculated from the set of quasiparticle

(QP) amplitudes v, (r) that satisfy the equation'?

=5 V() + ) (5) 0000 0) + [ EEranl G s B () = Brtin ).
(51)
Ek, is the QP energy and may be complex. n,(r) reads :
)= 3 )l (52)
Re(Eyo)<p
where Re is the real part and p is the chemical potential. The Sham-Schliiter equation just
states that the KS spin density n,(r) = fo;’l |ore (T)]? must be equal to Eq. (82). We now
look for vy, (r) such that the first-order variation of the KS spin density [calculated from
Eq. (82)] is zero under the perturbation Y., [G](E) — vy, that transforms the KS equation
[Eq. (4)] into the QP equation [Eq. (81)]. We get from simple perturbation theory :

(Sncr =0= Z gpna 590110' +c.c., (83)
where (still assuming non degenerate orbitals) :

5 gno(r Z 2m0E) | S [C) () — | ). (84)

gno — Emo

Further manipulation of the former two equations leads back to Eq. (22) for v&CZ,( ). The
application to degenerate orbitals is straightforward (see Ref. 16 for example). Eq. (22)
is still a non-linear equation, which is however much simpler to solve than the LR Sham-
Schliiter equation. Indeed, it only involves the uycn,(r)’s for the occupied KS states. The
calculation of v@,(r) for small real molecules or solids, though demanding, should therefore
be within the reach of present computers (starting from an existing x-OEP code). If needed,
v)((cg( ) also lends itself to the KLI approximation!® (see next paragraph), that proved to be
very good in the x-only case.

The major difference between the LR Sham-Schliiter equation [Eq. (7)] and its quasi-
particle approximation [Eq. (22)] is that in the former the density is calculated from the
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first-order Green function while in the latter it is calculated from the first-order quasiparti-
cle amplitudes. The first-order Green function additionally yields the dynamical correction
vé?(r) (coming from the poles of the self-energy), whose physical interpretation is not clear.
However, such additional terms should disappear when the perturbation expansion is carried
out to infinite order because both expressions for the density (Green function or quasipar-
ticle amplitudes) must give the same result. Indeed, we can provide further support for the
use of the quasiparticle approximation as follows : the right-hand side of the LR Sham-
Schliiter equation [Eq. (7)] has poles coming from the two KS Green functions and from the
self-energy. The right-hand side of the exact Sham-Schliiter equation [Eq. (6)], however,
is just the difference between the interacting Green function G, (r,r’;w) and the KS Green
function GX¥5(r, r’;w) [see Eq. (2)]. Therefore, it has only simple poles coming from G, and
GX5 (i.e., the contribution from the poles of the self-energy cancels because of the Dyson
equation). The quasiparticle approximation [Eq. (22)] is precisely that equation obtained by
keeping only the simple poles coming from the KS Green functions in the LR Sham-Schliiter
equation.

One of the minor drawbacks of the quasiparticle approximation is that the correspond-
ing exchange-correlation functional Fy.[n| is unknown except in the x-only approximation.
However, v&?,(r) should be a very good starting point for self-consistent calculations with
the exchange-correlation functionals defined in paragraph IIB [see Eq. (12)], provided it

is not too far from the exact solution of the LR Sham-Schliiter equation. This, of course,

remains to be tested, but is beyond the scope of the present paper.

B. KLI and further approximations

The solution of the Eq. (22) remains computationally intensive so that simplified schemes
would be welcome. In this paragraph, we discuss two further approximations to the potential
'U)((Q,(r) The first one is the well-known KLI approximation, which can be used with any
self-energy, and the second one is the static COHSEX approximation to the LRSS-GW
potential.

The simplest approach to the KLI approximation!® is to replace the energy denominators

of the Green functions G, (r,r’) by a constant Ae in Eq. (22). This constant then simplifies,
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which leaves :

Vser () 2ng Z |00 (1) [*[ttxeno (T) + Ukpy — TUsceno] + €-C. (85)

KLI

Xco

Eq. (85) is still an integral equation because v, (r) appears on the right hand side in the

~KLI ~KLI
weno- Therelation vy

~KLI »

Xcno

= Uyen, o directly stems from the condition v2M (r) — 0

coefficients v xco

when 7 — co. The other o8I °s can be determined multiplying Eq. (85) by [pm.(r)|? and

integrating over r. This yields the following linear system of equations :

Ns—1
Z [6rim — Mymo] [52%0 — Re(lxemo)] = ﬁicna — Re(lxeno ), (86)
m=1
where :
2
Z / oy oo @ 20O Ry 1), (87)
and :

_ 3r|90n0(r)|2|90m0(r)|2
M, / d -Gt (88)

Grabo et al.'” showed that U)((};Z,(r) and its KLI counterpart have the same asymptotic be-
haviour. The x-only KLI potential proved to be an excellent approximation to the exact
x-OEP. We conjecture that the KLI potential will remain a good approximation to UE(C?;( )
if correlations are included.

An approximate LRSS-GW potential can also be obtained from the static COHSEX self-
energy introduced in section IITC [Egs. (32) and (33)]. Since the static COHSEX self-energy
is frequency-independent, p( )( ) = 0. Therefore, the static COHSEX potential can either
be obtained directly from the LR Sham-Schliiter equation [Eq. (7)] or from Eq. (22). It

splits in two parts Vxey () = Vsexo () + Veon(r), Where :

Veon(r) = %Ws(r, riw = 0) (89)

is half the classical image potential felt by a test charge at r, and vy, (r) satisfies Eq. (22)
with the self-energy :

Seexa (1,1) = =Y 0, (1)@l (X)W (r, 1w = 0). (90)

This is just the x-only OEP equation with v(r,r’) replaced by W (r,r’;w = 0). Therefore,

all what is needed starting from an existing x-OEP code is to calculate the static RPA
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screened Coulomb interaction W(r,r';w = 0). If needed, vsexs(r) also lends itself to the
KLI approximation. The static COHSEX potential has been used by Kotani®® in some bulk
metals (Cu, Ni, Fe and Co).

VI. CONCLUSION

We have investigated the asymptotic behaviour of the exchange-correlation potentials
calculated with the linear-response Sham-Schliiter equation in the GW and second-order
approximations for the self-energy. We have shown that these potentials have the expected
—1/r tail in finite systems. This contrasts with a previous work where a divergent behaviour
was found. The reasons for this discrepancy have been analyzed in detail. We have also
shown that the correlation potential itself has a —a/(2r?) tail, where o depends on the
self-energy. In addition, we have given physical motivations for the quasiparticle approx-
imation to the linear-response Sham-Schliiter equation, that is much simpler to solve and
should be within the reach of present computers. We have briefly discussed the related KLI
approximation, as well as the static COHSEX approximation to the LRSS-GW potential.
The accuracy of this hierarchy of approximations should now be tested on real molecules or

solids.
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APPENDIX A: LINK WITH THE XC-OEP FORMALISM

In this appendix, we make the connection between the LR Sham-Schliiter equation and
the OEP formalism of Engel et al.?® for the class of functionals defined in paragraph IIB.
This allows a detailed comparison between our work and the one of Ref. 26.

The functional Ey.[n| defined by Eq. (12) can either be considered as an explicit functional
of the KS Green function GX® or as an explicit functional of the KS orbitals ¢,,(r) and KS
energies €,,. From the latter point of view, the exchange-correlation potential satisfies the

OEP equations (75) and (76). To calculate the functional derivatives of Ey. with respect

to the v, (r)’s and &,,’s, we make use of the following property??#536 of the functional
P[GKI] .
SD[GS] 1
e, L = _Exco' GKS ‘r; . Al
OGBS (r,v;w)  2iw [ (73 ) (A1)
Therefore,

5EXC wwd 3 3 5@ GKS] 5G§S(r17 o] w)
5o (1) / doe / d“/ O S RS (1 0] S (1)

= [ [ 2l ) (A2)

227r — Eno £
Performing the frequency integration thus yields*®

5Exc
0Pno (r)

- fna/dgr,zxca(r/’r;gnff)go:w(r,)
_/d3r'ZM¢* () (A3a)
k

Enoe — Qka "
- /dgr,{fnaz:xca(rla r; gna) - Eha(r,a r; 5110)}90200'/)’ (A3b)

where f,, = 0 (resp. fn, = 1) for the empty (resp. occupied) KS states and the second
term on the right-hand side of Eq. (A3a) comes from the poles of the self-energy. Hence,

oE /
== | P’ S (Y, T e 00 )0l (1 Ada
o o (252025, 1) (Ada)
for the occupied KS states, and :
oE
xC — d3 /E " /  Eno * / A4b
s = [ ) ) (Adb)

for the empty KS states. Here Yy, is the sum of the exchange and particle parts of the
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self-energy (see paragraph IIT A). In the same way,

KS KS .
/dwezwﬁ/dSrl/dZ’)rzé 5¢G ] 6GU (I'l,I'Q,CU)

GK r17 r27 ) a5710’

zw5 3 3 Yxeo (rl? I2; w)
= d d A5
/ 27,7'( / rl/ rQSOncr (.U — € + 277)2 ¢n0<r2> ( )

85,w

Therefore,
aE1xc 82”2
= L for the occupied KS states, (A6a)
O€no ow o
OFy. oxpm
= — —ho for the empty KS states. (A6b)
O€no Oow o

Gathering Eqs. (76), (A4) and (A6), we finally get, in a system with a discrete spectrum®5* :

a EZ";,(&?,M)
Qial(ﬂ = Z Z Sono ()Oma P_ + c.c.
n=1 min no 6777/0'
XM (Ene
D3P MM = s (A2
n>No m#n Eno mo
aznn

®)(p) — Z
QCO’ (r) (pTLO' ()077,0 aw o
¥ azgg
(IOT'LO' SOTLO' aw

n>No'

(A7)

Eno

Q)((‘é)g(r) +QY (r) is equal to pxer(r) [Egs. (18)]. Indeed, one can recover Eqs. (A7) splitting
1/[(Q%e — €no ) (o — Emeo)] into simple elements in ,0&2,2)(1'). As discussed in paragraph IV A,
this shows that Q}(g;z,(r) and lef,)(r) are intricately matched one to each other for the class
of functionals defined in paragraph II B. This peculiar matching leads to large cancellations
between v\e) (r) and ol (r), so that their sum remains finite when r — oo.

As stated in paragraph IT A, py.,(r) must have vanishing integral (otherwise Eq. (9) has
no solutions), which translates into the following condition for the self-energy® [see Egs.

(A7)] :

N,
o, gy oy
po ho
Popr N @ | A8
> > o (A8)
n=1 enc  n>N, €no

If ¥r[GX5] is build from a truncated series of skeleton diagrams, this is equivalent to [see
Egs. (A6)] :

- 8Exc
“ Ono

—0, (A9)

n—=
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where F,. is the associated exchange-correlation functional defined in paragraph II B. This

condition is obviously satisfied, because FE,. only depends on KS energies differences.

APPENDIX B: ASYMPTOTIC BEHAVIOUR OF /¥ (r) AND v{ (1)

In this appendix, we show that vgg)(r) (resp. vég)(r)) diverges exponentially to +oo (resp.

—o0) in the GW approximation for the self-energy.

To proceed, we consider a finite system with hard-wall boundary conditions at r = R,

calculate v((:g)(r) and v((;(b,)(r) for this given R and for r < R, then take the limit R — oco. We

first discuss the asymptotic behaviour of v (r). o) (r) satisfies the equation :

[ S w) = Q) B1)

where Qg),)(r) is defined by Eq. (A7b) with the GW X, and %, given by Eqgs. (28).

Qg?(r) & )( ) + Qlr (r) can be split in two parts, where Q((f?;)(r) is the sum over

the occupied KS states in Eq. (A7b) and Q&) (r) is the sum over the empty KS states.

Moreover,

82ﬁn m|2

= = — <0, B2

Ow ZZ sm—&?mg—l—ws) (B2)

m=1 s

so that all terms in Q%" (r) are positive. Hence we can minorate ng;’)(r) as follows :
|2 azﬁg

QLI () > —ler () S| (B3)

€ko

where k is any of the empty KS states. We now look at the divergence due to such
a o< |pre(r)]?> term on the right hand side of Eq. (B1). We thus set Q((f,)(r) =
—|pro (r) P[OSE* /0w (ko) + fir(r), where fi(r) is an arbitrary short-range function such
that QY (r) has vanishing integral. Using Eq. (20) for xX¥5(r,1’), Eq. (B1) can be written :
Ok
Z Pho (1)80n0 (1) + c.co = =|opo ()] a—(ja + fa(r), (B4)
€ko

where d¢,,(r) is defined by Eq. (59) with vg?(r) replaced by v (r). We again make the
ansatz 09,y (r) = Gno(r)@no(r), which yields Eq. (62) for gn,(r). Assuming that the long-
range behaviour of the left-hand side of Eq. (B1) is still driven by the HOMO (which can
easily be checked a posteriori), we get for large enough R’ <r < R :

1 oo (r)* 05y
2 |pn,o(r)? O

IN,o (1) = = (B5)

ko
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Inserting Eq. (B5) into Eq. (62), then taking the limit R — oo yields :
(®) (5t =53z ) (2B =B 0
Voo (1) ~ =1 Phe - oo JeBNee ORI 0 (1), (B6)

where 0% (r) is a positive function. This suggests that vw( ) diverges to —oo nearly as

fast as e?PNeo”. Since vy, (r) decays to zero, vl 9 (r) must diverge to +o0o with the same
exponential behaviour. The KLI approximation as performed by Facco Bonnetti et al.?
provides a clear hint to this divergence. Indeed, using Eqgs. (20) and (76a), the equation

satisfied by vég)(r) can be cast in the form :
Z/d?’r Pno(T fnov J(r") = uleh ()| Go (v, 1) 0, (v) + .0 = 0, (B7)

where fn, = 0 (resp. far = 1) for the empty (resp. occupied) KS states and ulf, (r) is
defined by :

1 oE
(@) (p) — c
tenlt) = ) B an )
o/
= Y'Y, (¥, 15 606) 0k (1 B8a
[ S e el) (Bsa)
for the occupied KS states, and by :
W) =~ [P ) () (B3D)
Pro(T)

for the empty KS states [see Eqs. (A4)]. Eq. (B7) is basically the same OEP equation as
for v)(éz,(r) [Eq. (22)], except that the sum over n now extends over the whole KS spectrum.
Replacing the energy denominators in the Green functions G, [Eq. (21)] with a constant

Ae yields :

’U(EU) KLI( 27’L {Z |‘;0na cna cna + Z |S0 cnaKLI} _I— C'C'v (Bg)

with @{%, and 285"™ defined by Egs. (35) and (36).
(a)

Explicit expressions for the uce(r)’s in the GW approximation are easily obtained from

Eqgs. (28) :

ul@ (r)

cno

722 V() (1) (B10a)

Spng m>NU s €noe — Emo — Ws
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for the occupied KS states, and :

ulp(r) = Z > V(1) (1) (B10Db)

SO’VZO' ETLO’ ng' + wS

mls

for the empty KS states. With these expressions in hand, it is moreover straightforward to

show that : N
D ene () Pulsh () = > lono (v)Pulsl, (x). (B11)
n>Ng n=1
Therefore,
0) = o s 5 o 0 4 T o
U n>Ng

(B12)

On one hand, we can further write for the occupied KS states :

Z Z o U ()P (1), (B13)

Eno

(@ (r) =
Ueno\L ucohna
<Pno

with Ueonne (r) defined by Eq. (43). Hence, the first sum in Eq. (B12) is easily shown to
have a finite limit when » — oco. On the other hand, we get for the empty KS states :
No |,Unm 2

—(a) _ so
) =-=>" <0 (B14)

m=1
Since all terms in the sum over the empty KS states in Eq. (B12) are negative, we finally

conclude that U)EC?,KLI( ) diverges to +oo nearly as fast as e?Noo,

APPENDIX C: ASYMPTOTIC BEHAVIOUR OF THE EXCHANGE-
CORRELATION POTENTIAL IN THE SECOND-ORDER APPROXIMATION
FOR THE SELF-ENERGY

In this appendix, we give some details about the asymptotic behaviour of the exchange-
correlation potential in the second-order approximation for the self-energy.

The second-order self-energy is the sum of the diagrams represented on Fig. 1. If we
only keep the second-order bubble-like diagram (along with the first-order exchange one),
the asymptotic behaviour of the correlation potential is given by Eq. (78) [see paragraph
IV B]. We thus now focus on the so-called “second-order exchange diagram”, which, despite

its name, only contributes to the correlation potential.
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The particle and hole parts of the second-order exchange self-energy Yoo, (r, r';w) read :

Bunleri) = 30 3 et )P o)

i
i=1 j=1 k>N, Ejo) — N

(i) = — 3050 g ()t () e Vi) gy,

W — €ig — (Epe — €5 )
i>Ny j=1 k>Ny ic — (€ko jor) i

where :

o) = [ PHE 1) e (6, ()
We first discuss the long-range behaviour of vs(é))w(r), which is the solution of Eq. (22) with
Usoxno (') defined by :

/d3r’§]soxc,(r’, T Eno )0, (). (C3)

Usoxna\¥) =
)= G

3 /. / /. " /. .
To proceed, we split Ygoxo (r, r';w) = XL (r,r;w) + X2 _(r,r';w), where :

No * 1 /
v’ ( )U-k (I )
/ - iko JRo
Zsoxa r, I‘ w : :’ 10 {Z Z J ( )w — E&io (6160' éjo)

j—l k>N, M
i (I‘) ko-(r )

_ZZ%%U w_gj (5] e )+Z (C4a’>

=1 k>N, i ko jo n

()04, (')
Zgoxcf I‘ r'; (.4.) 907,0 Spka ]w. ] : (C4b)
Z ]Zl k>ZNG w — €io — (ko — €jo) + 11

In the same way, we split (with obvious definitions) tsoxns (r) = Ul o (r) + vl o (r). First,

"

ul .o(r) can be written :

u;/oxna ( = Z Z U]k:a w] kno ) <C5)

()01’1,0' ] 1 k>N
where : .
™
Wikno (T) = e e (r), C6
oe(1) = 32 el () (c0)
and :

bty = [ Preiae)0se 0, o) e
Eq. (Cb) has basically the same structure as Eq. (44) with w replaced by €, — £,, and
vs(r) replaced by v,k (r). We therefore readily get :
1 *
Wikno (T) ~ = —————Unko (1) @], (1), (C8)

€ke — Eno
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and :

N,
VS (1)U (T)
Spmr Z 7 k>ZNU €no — Eko
The same behaviour as in the x-only approximation is found : while w/ (r) diverges
exponentially if n < N, [see Eq. (42a)], ul, ., (r) vanishes when r — oo :
[Onke ()F 1
up ~— — X —. C10
soxNga(r) Z EN.o — Ekg X 7,,4 ( )
k>N 7
The 1/r? tail follows from a development of v(r,r’) in powers of 1/r in vy, e (T).
Second, u’. . (r) can be written :
ugoxno( = Z pr fmcr (Cl 1)
(pna i=1
where :
>y -
fnw v]ko' 7
j=1 k>N, — Eio + <5kcr - ‘Ejo)
Yk
jio
- Vo (T . (C12)
;kg]\:@ J no — Eic — (gko - 5]’0‘)
Ui () again diverges exponentially if n < N,. As for u .y ,(r), we investigate the

asymptotic behaviour of fy_n,.(r) :

fNoNyo(T) ~ Z Z - : v]kg( e, + c.c.

ko Jo

N/ S, 1')po (1), (C13)

where : N
= Ciko
c — €0 ()0]0'( )gpko'(r) +c.c., (C14)
j=1 k>N, ko
with :
Ciko = Vpny = /d3r1d3r2¢20(1‘1)[@Naa(rl)v(rb r2) PN, (T2)]¢;, (r2). (C15)

po(r) has vanishing integral since the KS orbitals are orthogonal, and decays exponentially
when 7 — oo (its behaviour is driven by j = N, term). Moreover, in a system with
spherical symmetry and a s-like HOMO, it follows from straightforward considerations that

po(r) also has spherical symmetry. Therefore, fxn,n,,(r) will vanish exponentially when
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r — 00, as the potential created by a charge distribution with spherical symmetry, zero
sum, and exponential decay. u,y_,(r) is thus found asymptotically negligible with respect

to ug,n,,(r). Hence, we conclude from theorem i) of paragraph IIIC that Dok = UsoxN,, o

and that v (1) ~ ugn, o (r) [Eq. (C10)].

The asymptotic behaviour of uﬁii(,(r) can be obtained using the same line of thought as

in paragraph IIID. Indeed, pgg))w(r) reads :

S0 =~ 5SS e () 1) (C16)

i=1 j=1 k>N,
with w;j,(r) defined by Eq. (C6). The long-range behaviour of pgglg(r) easily follows from
Eq. (C8) :

Ploko(t) ~ —=lon,0 (r)Pu(r), (C17)

where :
|UN ka(r)|2
u(r) = E — Cl18a
<) k>Noy (oo = Eho)” | )

1 ‘UNgkU<r)|2

€ko — ENyo

(C18b)

Z':(Ng—i-l)a — ENyo SN,

u(r) thus decreases as least as fast as 1/r [see Eq. (C10)]. Hence we can show (as in the
GW approximation) that vs%)w(r) decreases as least as fast as 1/r% and is asymptotically
negligible with respect to viske (r).

Finally, adding Eq. (C10) to Eq. (78) yields (for a system with spherical symmetry and

a doubly occupied s-like HOMO) :

1 ~KS

pMBPT) (p) 2VVKS(I' r;w=0)~ (C19)

where WXS(w = 0) = vP*S(w = 0)v, PXS(w = 0) is defined by Eq. (80), and &*° is given
by Eq. (56) using PXS(w = 0) instead of PRPA(w = 0).
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